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S -2L 
- 

~~ + f XlK~
*)(kIx - 

-2L 

-

7 (*)
— 

•J X2K1 (kix — 
~j)d~ = f

2 (x), (3.35)

0

where

co+ib
(*) 1 2Hy ia(~ — )

~~ 
(klx - = 2w J y sinh (2Hy) e 

X da (3.36)

_co+ib

co+ib

- 

~l) = 

~~ f y sinh (2Hy ) e~”~ 
- X)da (3.37)

~co+ib S

(*) N 
—cos (ii) tanh (yH) 1 

~ e
f (x) — — I da
1 4H 

~ ‘Nw S
~oo+ib sin coth(yH)

1sin 11~!!!\ ~+ib

* I ‘:‘ f TNe~~~~
da (3.38)

Lc0s ~~~ —= +ib

(*) N 
o
~+ib rcos (

~
) tanh(yH) T

N
e

f
2 

(x) — -~~ ~ I Nw 
—

—~+ib Lsth (-
~2—) 

coth(yH)

S — sin
- 

~~ 
[ ~~ (~~

ji~~ T~e~~~~da . (3.39)

Adding (3.34) and (3.35) we obtain
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-2L 

Y
1
(~

)K
1(ktx 

- ct)d~ + J Z1(~ )K
1(klx 

- 
~l)d~ 

= f
1(x) (3.40)

where . 

S

~ 1 
(3.41)

S Z
1(~) = -

cx+ib
S (*) (*) 1 

yH 
ia(~~—x)K

1(klx 
- 

~I )  = 1(
1 (klx - 

~I) + K2 (kjx - 

~1) - 2w J y sinh(yH)e da

(3.42)

Case A
f
1

(x) .
~~ (3 43)

Case B

o*ib o’+ib

F~~~(x) = — -~ sin (Nj 

~f 
~ coth(yH) e d a -  cos (~) f TNe~~~

cdr~
—co+ib —~ +ib

(3.44)

Equation (3.40) represents one of the integral equations we have been

seeking to derive. The unknownsin this equation are and Z
1 

and f
1

(x) is

a known function related to the source.

Next we subtract (3.35) from (3.34) to get:

-2L 

- 

~I)d~ + J Z2(~ )K 2(kfx 
- ~ J ) d ~ = f2(x) (3.45)

where

Y
2(~~ 

q~1 
(3.46)

Z2(~) = + x 2

11.
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K2(klx 
— ~l )  — l4*~~(k I x  — ~l )  — K~

*)
(klx — ~l )  — -

~~~

- f e e
h(-~~~ 

da

(3.4 7)

(F~~~ (x) Case A
f 2 (x) 

~ o Case B (3 48)

oo+ib

F~~~(x) = cos 
(~~~

j  T~ 
tan~ (yH) 

e~~~~da— ’ sin f TNe 1
~~

da

—oo+ib

(3.49)

which is the second integral equation we have been seeking. Thus,in summary,

we have reduced the original problem to that of solving a pair of integral

equations (3.40) and (3.45) with four unknown functions , viz., 3(E), Z
J
(E).

Y 2~~), and Z2(~).
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IV. SOLUTION OF THE INTEGRAL EQUATIONS

As a first step we rewrite the integral equations (3.40) and (3.45)

as:

-2L (
S 

~f (x) —°°<x<—2L, 0<x<°°I Y1(~ )K
1(kfx 

- 
~I)d~ + J Z1(~ )K

1(klx 
- 

~f)d~ ~
—

~~ 0 (~~1(x) —2L<x<0

(4.1)

and

—2L 00 (x) -°°<x<-2L, 0<x<°J Y~ (~ )K~ (k~x - ~J)d~ + f Z2(~ )K
2(kJx 

- 
~J)d~ 

~ 2

—= 0 
e2

(x) — 2L <x < O

(4.2)

where we have deliberately introduced two new unknown functions ,viz., e1(x),

e2(x), in order to extend the range of x from —~~ to +co. This is important

for the next step which is to multiply (4.1) and (4.2) throughout by

exp(iax) and integrate with respect to x from —~~ to ~~~ . This gives

-2L 

Y
1 e d ~~~3~~~ + f Z1(~)e

i
~~d~ .K

3
(a)

= 

—2L 

+ 

—2L 

e
1

(x) e1~~dx + f f
1

(x) e~~’~dx (4.3)

and

-2L 

K
4

(a) + f Z 2 (~ )e i
~~ d~~.K 4 (a)

= 

—2L 

f2
(x) e1~~dx + 

JL 

e2 (x)e i
~~ dx + J f 2 (x)e 1

~~ dx (4 .4 )

S - 
~~~~~~~~~~~~~~~~~~~~~~~ S 
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where

K
3

(a) — y sinh (yH) ‘ 
K
4

(a) = y cosh (yR) (4.5)

are analytic in the strip — k 2 < lisa < k2
.

S Defining the transforms of the unknown functions in (4.3) and (4.4)

and indicating their domains of analyticity , we have

= f Z1(~ )e~~~ d~ , (4.6)

0 (a) = 

1

~
L

Yl (~ )e ia(~ +2L) d~ 
, (4 .7 )

~~~(a) = 

~~ 

Z
2(~

)e~~~d~ , (4.8) 

5

~~ a) = 

-2L 

Y
2

e~~~~~~~~~ , (4.9)

where the functions ~~~~~ ~ç(a) are analytic for Ima > — k 2 and 0 (a) ,

~p (a) are analytic for lisa < k
2
. We can also write the transforms of the

known functions f1(x) and f2(x) in the range —00 < x < —2L as

S H~ (a) = f~ (x )e i~~dx = e a2L
H.(a) (4.10)

where j = 1, 2 and

H~Ja) 
~ 

f j (x)e~~~~~
2W dx . (4.11)

Likewise for the range 0 < x < 00 we have the transform

17
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J ~~(x) e~~~dx (4.12)

where

10 , Case A
H1~

(a) =~~~ (4.13)- 
~~~~~~~~ , Case B

where the superscript (N) is associated with the excitation function and is

defined in (2.1) and (2 .2 ) .  To obtain the expressions for H1~ (a ) ,

we have to calculate the functions f 1 (x) for two cases: (a) —00 < x <  —2L

and (b) 0 < x 00
• We also need to perform these calculations for N both

even and odd . For Case (A) we need to close the contour with a semicircle

in the upper half plane, whereas the closure for the second case is in the

lower half plane. Substituting the results of these calculations in

(4.12) , we obtain the final expressions for and , which

read:

= ± ~~~~~~ a~~( a ±  a~ ) 

~
[
~i 

e
i
~~~O + [

~1 e
i 2L_x

O~~~ (4.14)

2 = 0 , 1, ...

= ± (-l)~~~ 
(2~;l)p 

~~(2~ ~) 2 k(a ± k) 
([~i 

e~~~~ °

£ =  1,2 , . . .

~~ 
ia~ (2L—x 0

) 
__________________________e 

) 
- 

n~l n
2
a [i - ( f _ 1/ 2

) ]  (a ± a )

e
X0 

+ i~] e~~~~
2L_X

O))~~ (4.15)

18
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Note that we have neglected the exponentially decaying terms by retaining

only n1 
terms in the summation. The integer n1 satisfies the conditions: 

S

(n1 + l ) 1r
< k 

H 
> k . (4.16)

We can also show tha t

Case A

H2~ (a) 
=~~~ (4.17)

Case B

where

~ (22 ,) 2. 2p 1
= ± (-1) 

n 1  (~ _~~~~ 2 
a l /2~

1 
~~~ ~ 

± afl l,2~

.~~
[

~ ]e~~~ _ 1’2X0 
+[~]e~~ ;_u/ 2

(2L_x o~~ (4.18)

and n2 
is determined from the condition

(ii — 112)Tr (n 2 + 1/2)v2 
H 

< k , H > k (4.19)

and

= ± (_1)~~
l p 

a
~~1,2 C~ 

± ~~~112~ (~1 a 1/2X0 
+ [
~1 e1

~~ _ h / 2 (2
~~~ 0))

2 =  1 ,2,... (4.20)

Utilizing the definition of various transforms,we rewrite (4.3) and

( 4 . 4 )  as:

S 
- 

e
_
~~

2L 
~ ~~ + 0+ (a) - y

2H M1(a)01(a) = 
[e

_i
~
2L 

H1_ (a) + Hi+(a)] y
2H1i 1(a)

(4.21)

19
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and

e~~
a2L q, (a) + *~ (a) - yM2 (a)~~1(a) = [e

_ia2L 
H2 (a) + H2+(a)] yM2(a) (4.22)

where

2L 

e1
(x) e~~’~dx (4.23)

= 

_LL 
e
2

(x) e1~~dx (4.24)

M ~a’ = e YH sirth(yH)
1’ / yH (4.25)

M2
(a) = e~~~ cosh(yH) (4 .26)

The next step is to factorize the functions M
1(a) and M2(a) in the form of

produ cts,

M1(ct ) = N i+ (a) M1 (a) (4 .27)

M2 (a) = M2~~(a) 142 (a) (4.28)

where M1+(a), M2+(a) are regular and non—zero in the upper half plane

t > — k~, whereas M1 (a), M2 (a) are regular and non—zero in the lower half

plane T < k
2
. Then, multiplication of (4.21) by

e~~~ 2L
(a — k)M

1
(a)

and (4 .22 )  by

ia2Le
I & 1~ M2 (a)

leads to the following coupled equations in the transform domain :

20
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icz2L0 (a)e
(a — k) M1 (ct ) + ( c t — k ) M 1 (a) — (a + k)HM 1~ (a )0 1(a )e~~

21
~

S 

= ( a + k ) H M 1~ (a) H1 
(c t ) + ( a + k ) H N1+(a) Hi+ 

(a) e~~
2L (4 .29)

and
ia 2L

* (a) ç(a)e i 2L
____ + 

____ 
- ía + k M

2~
(a)1~1

(a)e a

/ c t — k  M2 (a) Ia—k M
2 (a)

= I a + k  M
2~

(a) H
2

(a) + /~t + k  M2+ (a)H
2÷ (a)e~~

2L

(4.30)

The first terms on the left—hand side of (4.29) and (4.30) are regular in

the lower half plane, whereas the third terms on the left—hand side and the

S second terms on the right—hand side of (4.29) and (4.30) are regular in the

- • upper half plane.

- To solve these equations we carry out the decomposition

e (a — k ) M 1_ (a) = R+
(a) + R (a) (4.31)

( c z + k ) H N1~ (ci) H1 (a) = S
1~ (a) + S 1 (ct) (4.32)

1 2L ___________e a ________ 
= Q~ (a) + Q (a) (4.33)

/ a-k

Ia+k  M2~ (a) H 2 (a) = S24 (a) + S2 (a) . (4.34)

Using the method of factorization we obtain the equations :

0 (a)

(a -- k) M
1 (a) + R (a) — S

1
(c&) = 0 (4 . 35 )
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____ + Q_ (a) — S2 (a) = 0 (4.36)
í a —  k M 2 (a)

where

id+~ i~ 2L
1 a

R (a) = - y~ J (~~-k)M1
(~ ) (~~-a) 

d~ (4.37)
- - id_00

i~ 2Lr e
Q ( a) = — 

1 j ____ 
+ d~ (4.38)

id-= “C 
- k M2 (C) (c - a)

1 
id+°’ ( C + k ) H M 1~~( C ) H1 ()~~S1 (a) = - ri I - a 

- 
dC (4.39)

1 
id-f” 

‘1C +  k 
~~~~~~ 

H2_ (C )
S2

(a) = - fl I C - a dC (4.40)
Id—”

T Ima

- 
After multiplying (4.21) by l/[(a+k)M

1+
(cz)] and (4.22) by ]/[Ia+k M2÷(a)]

we obt ain :

S —i a2L0+ (a ) e 0 (a) —i a2
(a + k)M 1+(a) ~ (a +k)  M

1~
(a) - ( a -k ) H N 1 (a )0 1(a) = e  ~~1 (a ) (a -k) }~11 (a)

+ H1
(a) (cz — k)HN 1 (a) (4.41)

and

—ia 2L _____
~ (a) 

+ 
e ~_ (a )  

- /a — k M (a)i~ (a)
/a + kM ~~(a) /a+k M2+(a) 

2- 1

= e~~~
2L

H2 (a)
/a- kM 2

(a) + H2 (cz)/a - k M2 (a) . (4.42)

22
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Note that the first terms on the left—hand side of (4.41) and (4.42) are

regular in the upper half plane; the third terms on the left—hand side

and the first terms on the right—hand side are regular in the lower half

plane. 
S

We now use the decompositions :

—ia2L

(a + k ) M
1~
(a) = U~ (a) + U (a) (4.43a)

—ia2Le
= 8 (a) + 0 (a) (4.43b)

/a+kM2+ (a) + —

- 

H1+(a) ( cz - k) HM
1 (a) V

1 (a) +V1 (a) (4.43c)

H2+ (a) /a  - k M2 (a) = V
2+

(a) + V
2
(a) . (4.43d )

Substituting (4.43) into (4.41) and (4.42) and using the Wiener—Hopf

technique E1O,11J result In the equations:

- . 0
+
(a)

(a + k ) M
1+(a) 

+ U
+

(a) — V1+(a) = 0 (4 .44)

_____ + 0 (a) — V2 (a) = 0 (4 .45 )
+ k M2+ (a) +

where

ic+” —1C2L
1 e 0 (C)

= 

~~~ I (C + k)M
1

( C ) ( C  - a) d~ , (4.46)

ic—” S

ic+” — i C 2Lr e ~~ ( C)
0~~(a) = —i—- J _____ 

— 
dC , ( 4 . 4 7 )2wi 

Ic—” /C + k M2+ ( C ) ( C  - a)

23
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ic+’° H1+ ( C )( C  — k ) H M 1 (C)
V
1~
a) = 2wi J C — a dC , (4.48)

ic-”

ic~~ H2+ (C)/ C — k M2 ()~~V
2~ (a) = -

~~

--
~~ I - a dC , (4.49) 

. 

S

ic-”

—k2
< c < r

The above manipulations have resulted in four coupled integral equations

(4.35), (4.36), (4.44) and (4.45) each of which contains two unknowns. We

now proceed to derive a set of new equations each with only a single unknown.

To this en& we replace a by —a in (4.35) and (4.36) and C by (—C) in (4.46)

and (4.47). Using the representations /—a+k = I ía — k , /—a — k  = —i/a +k ,

adding and subtracting the resulting equations and defining

rI S 1 (a)~
1 

.1. 1
= 0 ( a) ± 0 (—a) (4.50a)LDi+~J

1s 2+ (a )1
I = i~~(a) ± ip (—a) (4.50b )LD2÷~

We obtain the two sets of coup led equations

S1+(a) . 1 
id-f” 1Si+~)1 e

iC2T
~dC

ID (a + k ) M
1~ (a) 

± 2wi J ‘ D ~ (C - k)M 1 ( c ) ( C + a)
Id—” L ~~~~

..,
- 

[V i÷
(a) ~~~~

(_ a)
J 

= 0 (4.5).)

r id-f” IS2+(a) . i ..L. I I 
S2+ ( C) 

e t C2T
~dC

ía + k M2~~(a) 2wi 
idLO LD2+~ 1C - k M

2
( C ) ( C  + a)

- [1V2÷
(a) ± ~~~

(_
~)] = 0 . (4.52)
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S It is shown in Appendix IV that for k2L >> 1 the integrals appearing

in (4.51) and (4.52) can be evaluated in a series form as follows:

j. 1” 1~l+~~] eI C2L dC
2wi J ‘D (c) ’ 

(C — k)M1_ ( C ) ( C  + a)
id-” Ll+ J

= [s
i+(k
)] 

e~~
2
~~1~

(k) 
+ ~ ~~~~~~ ~~~ ~~~ (a + k ) W

1 
[
~i2L(a + k )]\

ia 2L

+ 
~- e M1~

(a ) ( a + k) 
(4.53)

- a ( a + a )
n l  LDl+~~n) n n

and

S 

id+~ [52+(8)1 e~~
2T
~dC

2iri 
id” 

[D2+(S)j/C k

= 

~ ~~~~~~ ~~~ W 1 [-i2L(a+k)1 e~~
2L 

M2~
(k) 
[2]

S 

+ ~ 
fl

2 152+ n—~/2~1 e f h 2
2L
M2+(a

;
lf2

)/a~~
l,2 + k 

(4.54)H n~ l LD2+~~_l,2 J 
(a + cz

112
)a 112

Substituting the various series expressions given in (4.53), and (4.54) into

(4.51) and (4.52) gives:

L:~= (~ + k) M
i+

(a) 

~~ [~~~~~~ ]

- 

. 
(1 

+ ~ e
3/4 w 

~~~ ~~~ (a + k) W 1[-i2L(a + k)J

25
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ia 2 L

+ 

i
~l 

[S
i+

(a
~
)] 

e 
n 

~~~~~~~~~~~ 

+ k) 
V1~ (a) + S

i
(_
a)]~~(4.55)S n=l D

i+
( a )  n

and

= ~ i/a + k M
2~ (a) e

_i3/4x 
~~~ W 1 

[-12L(a + k )]
D 2+ (a)

S 

ik2L 1s2+ (
~ 

n2 I ~2+
(
~~-l,2 )1

e M
2~ (k) 1 ~1LD2+ (l

~ 
n~l LD 2+~~_i,2 )

ia 2L 
_ _ _ _ _ _ _ _ _  

S
n—l/2 .. -

S 

e 

a 
2 1/2 + k 

+ E~ iV2~(a) +

(4.56)

Our next step is to obtain the expressions for the vector potentials which

depend on the unknown functions 0 (a), 0
+

(a) ,  
~+
(a), * (a), and which are 

. 
-

in turn expressed in terms of the functions S
1+

(a) ,  D1+(a) ,  S2+(a) ,  D2+(a).

From (4.50) we have

0÷ (±a) -~ [S 1~ (a) ± D1+(a)] (4.57a)

S ~~(±a)=½ [S
2~

(a) ± D2~~(a) ] . (4.57b )

Changing a -* —a in (4.57) yields

0 (a)
~
r½[ S

1+
(_ a) — D

1~ (—a)] (4.58a)

— D
2~

(—ct)J . (4.58b)

We can rewrite (4.57) and (4.58) as:

± D
1~ (±a)} (4.59a)

± D
2~
(±a)] . (4.59b)
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To obtain the expressions for •+
(a) and *+

(ct),we need to substitute
5 

(4.55) and (4.56) into (4.59). Likewise 0 (a) and *_ (a) are obtained by

- changing a -. —a in (4.55) and (4.56) and substituting the results in (4.59).

Following these steps we derive the equations :

- ±~~ (a ± k)Mi+(a)(L~~ 

S~~ (k)] M
1~

(k) elk2L

(1 
± e 314w 

~~ (a ± k) W
1
[i2L(a ± k)])

ia 2 L

+ 

~l [D~~(a) S
1
(a )Je 

n 
M
1
(a )(a’ +k)

r.z1 ct (a ±a )n n

I V~~(a)~ 
~~+ 2 L-c~ i J . (4.60)

and

~ 
/ a ± k M

2 
(a) - 

— 

-

= 

[~~} 
2 ([D2+ (k) + S

2÷(k)]

1 -13/4w 
~~~~W 1( i2L(a ± k)1e

ik2
~ 12+ (k)

- 

~~ 
~~~~ D2.~(a~~~,2) + S

2÷
(a 

u/2~~ 
+k

S n—i n—i/2 n—l/2

f-iv2~
(a)~ )

+2 I — I . (4.61)
S2_ (a)J )

The last two equations provide us with the expressions for the functions

and *÷(a). They depend on the group of constants [S1+ (k) , D1+(k) ,

S 
- 

S
2~

(k) , D2+(kfl and also on [S1+( a ) , D
i+

(a ) ,  S2(a
1,,2), D2

(a
112)].
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~ 
We can express the first set of four constants in terms of the ones appearing

inside the second bracket. This is accomplished by returning to (4.55) and
- 

(4.56) and substituting a -~ k. The resulting relationships can be further

simplif ied for 2kL >> 1, i.e., for wide plates,by introducing the asymptotic

forms

S
. W_1(z) = — -  for z + , —w < arg z < w . (4.62)

We then obtain the following desired equation relating S
i+

(k) , and D
i+

(k)

with S1+( a ) , Di+
(a ),  etc.,

-
~ 

S ia 2 L
-

- ~~ = 
2kM1~~(k) [ ~i I~1+~ 1 e ~ M1~ ( a )
1 ± T

1 n 1  LD1+~ci a

-
-S

+ [V
1~

(k) + S1 (—k)
]J 

(4.63)

- 

i~~~~2~
(k) ç1 ~2 1~2+~%-i,2~1 e~~~

_h/22L
M
2+

a l,2)

[D2 ( kj  
- 1 ± T2 

‘

~~~~~~ n l  LD2+~_ 1/2J a~_112
/k+ a~~...1,2

+ [~~~~(-k) ± iV2+(k)]) , (4.64)

where

T1 
= [H

l÷
(k) ]2e~~

2L
[l +~~ e~~

’
~~4j~~~] , (4.65)

iw / 4
= [M2+ (k) ]2e

~
1
~
21
~ 
e 

- 
1 

(4.66)
/~ /2k2L S

The constants S1+(a ) ,  D1+(c* ), S2+(a~_1,2
) and D2+(a 112

) satisfy a set of

algebraic equations, which is derived by substituting a = a into (4.55),

a = a 1,~2 into (4.56) and using the asymptotic representation W 1 
(z )  and

28 
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(4.63) through (4.66) [see Appendix VI. These equations take the form:

For S1+(u
~
), D

1
(a):

~l 151~)1 
[c~~~~ - = p~~~~ where is = l,2,...,n1 (4.67)

n l  LDl+~~n)J

where
ia 2 L

S (l) ± 
- 

e n M
1

(a )N
1~
(a) 

f
2kT

1 _(a; + k)p + k)1
C — 

a Ll±T + a + ci J (4.68)n 1 is n

(4.69)

(1)~ 
(0 Case A

P — 
= (

~~~~~~
.
~~

± Case B (4.70)

S 
- 

- (I) for N—even:

S ~
(1)± 

— ~~ 
M
1~

(a )M
1

(a~~ r~ 
2kT1 (cz + k ) ( a~ + k)

m,21 
— (—1) Hp 

a L l±T + (a + a )
2. 1 m 2. - -

S 
[ ia~x~ ia~ (2L—x 0)1
L a  ± e J 9~~ 0,1,2,... (4.71)

(ii) for N—odd

= (_l)2.+l 
~~$a )(2Z - 1) ( ~ 

4 M~~(k)

w l _ T 1 (22. 1) 2

f Ik
~o + 

i.k(2~
_x o)1 r_ 2kT

1 
(a + k)(a~ +

- e — 

n~l L l ± T
1 
+ (a + a )

S 

. 

2
[i@l/2))

2] 
[e~~~

X0 
± ei 2 ~ O)1}. (4.72)

2. = 1,2,...
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For S
2~

(cz
1~2

); D
2~
(a’ 1/2

);

S 
n
2 IS2+ (a

~_i,2 )1 
. IG~~ - = ~~

(2)± 
, (4.73)I L~ 

is

n l  L’~2+~~-112~J
where

S 

= 

j~~~~~~~~~~
1,2 

+ k

mn

r 2kT /a2 1 — n—l/2 (4 74)[ (l ± T
2) (a

1/2 + k) /a~~1/2~ i~ i~ 
(cz l/2 + a l/2~ 

‘

- Case A
— m , N 

Case B (4.75)

(I) for N—even :

= i(—l)
2. 

-
~~~~

-
~~ M (a - 

1
~~2 M

2
(a

112)

-

~ m,2e w 2+ m—l/2 
n l  (n_ 1/2)2a~~1~2

[l_(2./(n_l/2))2] S

2. = 1,2,...

I /a + k  /a +k
- I m—l/2 n—l/2 

~~
_ 2 1

I + a ) 1 + TL m—l/2 n-l/2 - 2 /a
112

+k /a
1,2+k S

• [e

1
~~

_ 112x0 
± e~~~~~~~2

(2L_X
0)] 

, (4.76)

(ii)  1~or N—~-~1d!

= i(_l)
2.
~~ 

M2~ (a 1~2)M
2

(a~~~112) 1~~
_ 1

~2~~ 
/a~~~112 + k

m ,2 2—l a2. -1/2 L (am_1,2 + a2. l /2~
2.— 1,2,...

2kT
2 1 

~ ~~~~~~~~~~~~~~~~~ .
l±T 2 v’a +k /a + kI t  

-

m—1/2 2.4/2 j L (4.77)
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The and M2+ functions appearing in the last few equations will now

be written explicitly. To this end, we return to the definitions of and

M1
(a) e YH sinh (yH) 

M1+(a)M
1
(a) (4.78)

S 11
2
(a) = e ’

~ cosh(yH) = H
2~

(a)M
2
(a) (4.79)

where Isee [10] pages 131 and 175]

Mi+(a) = exp~~~~~ [~ ; + Zn (.

~) S

exp [1~12.n (a _ Y)1n ~ 
~~ 

e , (4.80)

M1
(a) = M

1~
(-a) , (4.81)

M24(a) - /cos (kH) exp {-1~~1 Li - c + 2.~ 

aH
S 

— 
00 

1 
(n—l/2)-ir

exp [4p Zn ~] ~ (1 
+ a~~1,2)e 

(4.82)

M2
(a) M2~ (—a) . (4.83)

Substituting a = k and a = a into (141) and a = a
112 

into (143), we S

obtain:

M
1~
(k) = Jsin(kH) 

k 

{i~~~ [~ - c + 9-n (
~

) + i 

~
-] )

. [1 ;l+ ).3 (4.84)

n 1  •
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M1
~ ( a )  = 

/sin(kH) exp~~~~~~ 
[

~ 
- c + Zn (

~
) + i

a’ + i mw/H “ a’ i
- exp [mZn ~ J 

~~~ 
(. + e . (4.85)

M2~
(a

112) 
= /cos(kH) exp ~~i 

~~~112H 

[i 
- c + 9-~ + i

• exp 
[(is 

- l/2)2.n
( 

rn~l/2 
k 

(m-~~/2 ) w

ii (~~+ a
ffl~l/2~

\ e (n-1/2)w (4.86)
n l  ~ 

a
1,2

-J

which are the desired expressions for M i+ ( a )  and M2+(a 1/2~ 
we were seeking.

I
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V. CALCULATION OF THE VECTOR POTENTIALS

S From (3.41) and (3.46) we have:

= -~ [Y2(~) + Y1(~ ) ]  (5.la)

= ~ [Y
2(~) 

— y
~(~)] (5.lb)

x1 = -~ [Z2(~ ) + Z
1(~
)] (5.lc)

x 2 = -~ [Z
2(~) 

— z1(~) ]  • (5.ld)

Substituting (5.1) into (3.28) and (3.29) and using (4.6) through (4 .9)  we

obtain:

S 

I~ = ~ e
_
~~

2L 
[~~ (a) + ~~(a) ]  + ~ [~~~(a) + ~~ (a) ] (5.2a)

‘2 = ~ e~~~
2L 

~~~(a) 
- ~~ (a) J + ~ [~~~(a) - ~~(a) ]  . (5.2b)

It is known from the theory of the integral equations that if an integral
- 

- b
equation g(y) = f g(x) K(y,x) dx + f(y) has a unique solution for every

a b
f(y) then the integral equation g(y) = I g(x) K(y,x) dx has only a trivial
solution g E 0. In view of this, we obtain :

For Case A:

S
1~

(a) = 0, D14(a) = 0 and from (4.50) $~ (a) = 0, $ (—a) = 0.

Fur thermore, by substituting a = —a we have $ (a) — 0.

For Case B:

S
2~

(a) = 0, D2+(a) = 0 and from (4.50) i~~~(a) = 0, 4~~(— a) = 0.

Again , substituting a = —a we obtain ~~(a) = 0.
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and from (5.2)

I ~~e a2
~~~ (a) + 

~ 
, Case A (5.3a)

11 = 4~

S L -
~~ e~~~~

2’
~~~~(a) + ~ , Case B (5.3b )

= 
I
i , Case A 

(5.4a)

• _I
l , Case B (5 .4b)

Next, inserting (5.4) into (3.32), we obtain the expression for the vector

potential

1 “1-lb i sinh(yy) —lax
A(x ,y) = -

~~~

— J cosh(yH) •1
~~ 

e da +

—“+ib I cosh(yy)
L~~

tth(yH). I
Ji

~fib ~~~~~~~~~~~~~~ —lax
N 

. 2 cosh~yH)  T~~
I - da4H j -y

- “1-lb ~~~~~~~~~~~~~~~2 sinh(yH) -

“1-lb

+ 
1 sln (~~~ ) J TN

e~~~~
xda . (5.5)

cos(~~~) —“-I-lb 

I
J3

To calculate the integrals In (5.5) we complete the contours by semicircies

In the proper half planes. Integrands connected with Case A have poles in

a = ± a ’ , and Integrands connected with Case B have poles in a = ± k , ± c z .m-l/2 m

1

~ 

__

~~~
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The result: ( (A
~A1~ ‘(x,y) Case A

A(x ,y) — (5.6)

Case B

where

A 
n2 sin[(2m— l)ny/2H]

AN x,y 2H I — _ _ _ _ _ _ _ _ _ _ _

n— i m-l/2

N— 1,2,...

. ~~~N) (a~~~~
l/2

)e
iarn_ l /2x 

+ *~~~ ~~~ l/2~ 
e

m_h/2(~~
2
~~

]

+ Q~~~(x ,y) (5.7)

n Ia’ x+x

Q~~~(x,y) = l~ (-l)
9 - 1  ~ ( 1 ) is sin[(2m - l)wy/2H]e 

m—1/2 0 

2
m l  a l,2

(m l/2) [1— (2/~n—i/2))

(5.8a)

Ia’ I x+x I
Q~~)1 (x,y) = 

2 
sin [(2Z — l) wy/2H] e Z—l/2 0 (5 8b)

a
9- - 1,2

and

~~
B) (x y) = ~~~~ 

[
~

(N) (k)e_lkx + ~
(N) (_ k)e ik(x+2L)]

N=0,1,

+ -
~~ m~1 

(_ l)mc05~~~~
’}1).~~ [cP

(N)
(a~)e

_la;x

N) ia (x+2Lfl
+ 4~ (—a~~)~ 

m 
j  + Q~

2
~ (x,y) (5.9)

where
la lx+x I

Q~~~(x,y) = -~~~~- cos( .Qw ~) e 
~ 

- (5.lO a)

iklx+x  I

Q~~~1 (x ,y) = l p(— l )
9-

~~~~ 
~~ [29~

_l 
e 

k 
—

ia lx-i-x I
S fl mw m 0

1 m cos(j-Y)e
• 
~ 2 2 

(5 . lO b )
r n l  in [1 — ((Z—l/2)/m) Ja~
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The expressions for ~
N)(a)~a — + a’ and •~

N)
(a)~ +k + a’ • are obtained from

- - - m-i/2 - - - 
is

- (4.60) and (4.61) by substituting Sj+(k) and D1÷(k) from (4.63) and (4.64),

a = ± k , ± a , ± a’ and using (4.62).
m m-1/2

We obtain: ~ (N) (÷ am 1/2~ 
= 

~ a l/2~ 
+ ~~~~~ a’

112
) (5.11)

where

~~~~
(± a 

1/2~ 
= ± 

~~ ~~~~~~~ + k:2÷(a 1,2)~~~~~~~
2 

+ k)H

r n.~ n—l/2 (N), , / -
1 

~~ 
e D2÷ ~a 112)M 2~~ a 1i2

I l — T  ‘ _______
2 n 1  c~ / k + a

L n— 1/2 n— l/ 2

1

+ 
~2 e 1/2 2L

s~ N) 
(a;1!2) M 2÷ (a ’ .l / !)j

(i + T )  - _ _ _ _ _ _  

-2 n—i a vk + an— l/ 2  n—l / 2

~ ~2 
e~~~

_u122
~~~~~~(a~_l,2) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n—i n—l/2 m—1/2 n—l/2 )

(5.12)

(± a
1~~) = + ! /a

1,2 + k M2~ (a 112 ) (-i)~~ ’ 2i~
Q

9 -— 1,2,...

) 2kT2 
rI
2 M2~ (a ’ 1~ 2 )

~~ 
(a

1,2 
+ k)(i - T~) n-i (n- 1/2)2a~_i,2E i_ W (n-1/2)

2]/a~ +k

(1T21 e 1a 1,2x0 
+ 

f_ i 
~ 

ia 1~ 2 ( 2 L x 0)~

L+T2i )

+ 
/a 1,2 + k M2~ (a~~ 1,2 ) 

-

n 1  (n — i/ 2 )
2 [1 — (Q / (n—i /2~

2
J(.z; 1,2 + afl_ 1,2

’
) 
a~_1,2 

S

( f ’  1 e
i
~~~ht2

)C
0 

+[o] 

:~
_ 

2
(2L_x

0
)) ~ (5.13) 
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__________ M (a
— 

~~ a~~~~~ ,,2
) = lv’a;112 + k M

21-(a;_1,2
) ~~1) 

~
2.— 1,2,...

J 2kT
2 ~ e~~I—ii ~’~o‘

~~ 
(a i,~ 

+ k ) ( l  — T~ )/ a~ 1,2 +k  t~LlJ

1_
~ e~~~~ ii2

(2L_x
0~~ 

/a~~112 
+ k

T 2 j  j  a~ ..1,2 +

~ 

e
1 

i2~O 
+ [O

~~e
ia
~_l/2

(2L_ x0)i} (5 14)

0 (N) (± k) = 0~~~~~~(± k) + 0~~~~ (± k) , (5.15)

where

ia 2L

= kN
1~~(k)~~~± T

1[1 T1 

~~ 
e ~ D~~~ (a )M

1~
(a) 

± 1 + T
1

io 2L ia 2Lr 1

~ nii 

e n 
S~~~ (a )M

1
(a) 

i 
— 

fl
]. e n 

~
S (a ) D

~~~
(a1 M1~

(a)
’

~ ,

(5.16)

k) = 
2k 

2 
(_l)2.~~ Hp 

M1~
(k) M

1~
(a~) 11 

1, 
e~~ 9-X~ S

— ( l— T
1
) a

9-
t... .—‘

+ 

L~II e 2’’
~
0
~ 
) 

(5.17)

~
(22._l) (± k) - 

2k 
2 ~~~~ Hp~

29- 1) 
Mi+

(k )
~ 

2 
2 

M
i+
(k)

— ( i — T 1) ~(2i — 1 )

e
X
0 

+ t T u 1. e
lk (2L_X O~ - 

f
i

~LTi L’J j 
I~
=l n

2
a~ [l_ (~2 ._ l/2)~n) ]

Il’. . e~~?U+ 
~—T1 .e 1 ( 2~~

(
O
) ‘

~ (5.18)
[1 J
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a )  - 0~~ (±a ) + 0~~~(±a ) (5.19)

where

ia ’2L

(± a )  = (a + k) M1+(a ) ( ±  [ ~ T1 

~1 e ~ D (a )M 1~~( a )

Ia ‘2L

± 1 + T 1 ni 

e ~ S~~~~( a ) M1÷ ( a )]

ia’2Ln~ e n [S~~~(a) D~~~ (a ’)]M
1~
(a )(a + k)

- 
- 7 a ( a  + a )  

, (5.20)
n 1  fl in fl 

)

a ’) = (_ 1)
Z1-l

pH 

M i+(a
~
) 2kT

1 
2 

iTll e~~~~
°

I a
9- l (a + k ) ( l  — T1) L 1J

1—0 ,1,...

+ ~‘1 e~ 
2L_x

0)) ÷ 
a~~+ k 1 

e~~~~
0

[T1J j  

(a m + a 9 - .  Lo
ioi ia~(2L— x0) l~+ 

[1j  
e . (a + k)M

1+
(a ’) , (5.21)

(2°--l) 9- (22 — 1) ( 2kT
10±2

’ (± a )  = (— 1) Hp 
~~~~~~

— (a~ + k) M1~~( a )  
~~ 

~~~~~~~ 2

1 2 Mi+ (k) ITli e 
ikx0 1~1 e

1) 2 k + 

LT1I

- 
~l M

1~ (a) (ITi1 e iax 0 + e 
ia~ (2L_x 0)~~

1
~ 

2
[l _ ((Z_l,2)~n)

2
] L~J [~ij
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M1~
(k) 

1
-ri ikx

0 101 Ik(2L—x0
)

+ 
(22. - 1) 2 (a~ + k) Loi 

e + L I e

- 
2 

(a + k)M1~(a) 
Ill 

e 
iax

~ I0l eia t (2L _ x o))~
n 1  n a’[l — ((9- — l/Z~/n) ](a + a

’) L° . L1J

(5 .22)

This completes the derivation of the vector potentials. We now write

S 

them explicitly for the two different excitations, viz., Case A and Case B,

and for the zero mode as Case A:

A~~~(x,y) = 0 ( 5 . 2 3 )

Case B:

1) N—even

(x ,y) = ~~ e
x
~~ 0~~~ + ~~~~ [0

2Q
(k)O

_lkx 
+ O

(29-)(_k)eik(x+2L)i

9-= 0,1,2,... (5.24)

2) N—odd
iklx+x I

(B) 2+1 1 eA29-_ 1,0(x,y) 
= ip (— i)  

w ( 2 9 - — l )  k S

9- - 1, 2 , . . .  

+ [O
(22._l)(k) e

_ ikX 
÷ O~

2Z_1)(_k)eik(~~
2L)

] (5.25)

where

I i  Z — o
(5.26)

LO 9-~~~ 0
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VI. INVESTIGATION OF THE SPECIAL CASE WHEN ONLY THE ZERO MODE
CAN PROPAGATE IN THE GUIDE AND DERIVATION OF RESONANCE CONDITION

From (5.15) through (5.18) we have

ikJx+x I Ikx
A~~~(x ,y) — ~~ e 0 

~~~ [M
1~

(k) ]2e 0 L(T 1, x0, x )  (6.1)

A~~~0
(x ,y) - 0 = 1 , 2 , . . .  ( 6 . 2 )

1+1 IkIx+x I 2 ikxA~
6
~ ‘ 

.
~ — ip (—l) 0 

+ ~ rM Ik\ 1 2 0
ir(29-—l)k e -n (2 .Q .—1) k L 1+’ /

2= 1,2,...

(6.3)

where

______ I ik2(L-x
0
) -1 -IkxL(T

1,
x0,x) = 2 ~ 1 — T

1
e e

(1—T
1

) L L J

÷ 
[
i - T

1e ~] e
ik2 _x

0)
e
1~~~~2~~~

} 
. (6.4)

• If k(L — x
0
) — nw where n = 0, ± 1, ± 2 , . . . ,  ± n3; n

3 satisfies inequalities

wn — < L
(6.5)

-
- (n3 +i)~~~> L

S 
or 

nw

Then

L (T
1x0, x)1 

- L - 

~~~~~ 

=

4: 1 

+ T
1

) ~e
1kX 

+ e
(
~~

2
~~ (6.6)

- S  
—- 

- 

~~~-~~~~~~~~~~~~~
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} 
and the resonance condition is

—l (6.7)

If 2k (L—x
0
) = (2n+i)ir

or (6.8)

- L_ (21
~~

l)w -

2k

where n = 0, ± 1, ..., ± n4; n4 satisfies inequalities:

(2n4 + l)r r

2k <L

(6.9)

(2n4 +3)rr

2k >L

1 1 —ikx ik(x+2L)l (6.10)
then L(T,x0

,x) (2n+i)w 
= (1 — 

~ 
—e j

x0 L— 2k 1
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and the resonance condition is
- 

T
1
= 1 . (6.11)

Thus , In general , the resonance conditions are given by

T
1
= ± 1 . (6.12)

We can rewrite (6.12) as

[Mi+(k)]
2 
e~~

2L 
f = ± 1 (6.13)

where

— iw/4
_____ Hk 

• (6.14)S 

~~~~~

The expression N
11-

(k) , as given In (4.84), can be simplified for the case

when only the zero mode can propagate in the guide. For this case we have

M1~
(k) = ex

~
.Ci 

~~~~~ 

- C + in(s) + I 

~~~~

+ i
~~~[~~

_ arcsIn (
~~

)
1~ 

(6.15)

Let us Investigate the case

~ 
<< 1 (6.16)

returning only the terms with an accuracy O[~~ ]. We then have

f = 1 + O(~~) (6.17)

= exp~~I2 1
~E - C + in (

~~) + 1 ~~~~~~ + 0 (~)}. (6.18)

The resonance conditions for this case reduce to

exp (i2 ~~~[i - C + in (-s) + I fl+ i2kL
’

~ = ± 1 . (6.19)

42

-~~~~~~~~~~~____  - ~S. - -~~~ - - - S~~~~~ - -~~~~~~ - - S



r 
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -- 5-~~~~~~ - SS-5  - __

For the choice of a positive sign In the r~h’s• of (6.19) we get

or 

exp (i2 ~~~~ - C + in (
~~~~

) + I ~J+ i2kL) = +1 = exp(i2mw) (6.20)

-

~ 
2 JII~
[
i - c + ln(~~~+ I -

~
] + 2kL = 2mw (6.21)

where is is an Integer. Since (6.21) implies that m >> 1, we can rewrite it as

= mw — ~~~[in (~~) + 1 — C + 1n2 + I (6.22)

where

~~=kL . (6.23)

Solving (6.22) by the Iteration method we obtain :

S 

~~~ 
m w - p  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(6.24)

and H

k
(1-) 

— k
1~ + ik2~ 

(6.25)

where

— - ~~~~~ ln(j_) - (1 - C + ln2) (6.26a)

= — . (6.26b)

In a similar manner for the choice of negative sign in (6.19) we obtain

- (in + ~ )w - in - (1 - C + in2 + i ~) + 0~~ in(~~)J 
(6.27)

43

- 5- —  — - -~~~ ~~~~~~~
S-- 

~~~~ 
—- 5 5 ~~ _~~~~~~~~~~~~~~~~~~_ - • ---5- 

-
~~~ 

-



- - -- - s . s s~~~ s_s S-S~~- S 5~ -----——
~
:-

~~~~~ ~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘—S -5- ~~~~ . S - - _ S -— - -5 -

and

-

- k(_) — k1 + 1k
2 (6.28)

where

k
1 

= 
(ni+O ,5) w — in — (1 C + 1n2) (6 29a)

- Hmwk
2 — — ;::~

-
~

- (6.29b)
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VII. INVESTIGATION OF THE GENERAL CASE WHEN MORE THAN ONE MODE CAN PROPAGATE 
S

As a first step we show that the resonance condition is no longer given

by the conventional formulas T
1 

= ± 1 when more than one mode can propagate

in the guide.

Let us consider the case T
1 

—1. Then from (4.67) we have

n1 exp(ia~2L)n1 M
11-
(a)

a’ 
= — 1V1~

(k) — S~ (—k)] (7 1)
n—i

where we have used

51+( a )  = 

~lm 
+ 

~2m~~ 
+ T1) + ... . (7.2)

Inserting (7.1) in the equation for 
~+

(k)
~ 
we obtain

= OE (l + T
1
)
0

] . (7.3)

It is possible to show in the same manner that

= O [( 1  - T
1

)
0

] . (7.4)

The resonance conditions are given by

Case A: c (2 )± 
— on 

= 0 (7.5)
Inn In

(l) ± n
Case B: C — 0 = 0 . (7.6) 5

inn in
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VIII. SUMMARY OF RESULTS

In this work we have addressed ourseives to the problem of a

5 finite—width , parallel—plate waveguide excited by a source located in

the interior of the guide . Two types of sources have been investigated ,

viz.:

Case A:

J = 
~ 
0(x+x ) sin (~~~) e~~

Z
, N = 1,2...

Case B:

J = 
~ 

0(x+x ) cos (
~~~) e

1
~~ , N = 0,1,2,..

S 

We have assumed that the current has only a y—component and that

B is real and greater than zero. Using the vector potential approach ,

we have reduced the original problem to that of solving the inhomogeneous

S wave equation (3.8) together with the boundary condition stated In (3.9).

Next , two coupled equations for four unknowns (Y
1
, Y

2
, Z

1 
and Z

2
) have

been derived where these unknowns are related to the vector potential

at the extensions of the parallel plates. These equations read

[same as (3.40) and (3.45)].

2L 00

S 
f  Y

1
(~ )K

1 
(kI x—E I )dF~ 

+ f Z
1
(~)K1 

(kI x—E~I)d~ 
— f

1
(x)

-00 0

where the functions f
1
(x) appearing in the r h.s are related to the

prescribed source and are given in (3.43), (3.44), (3.48) and (3.49).

The kernel functions 1(~ appearing in the integral equation may be found

in (3.42) and (3.47).
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transforms and the Wlener—Hopf technique. The results for the vector S

potential constructed in this manner are given in (5.6) through

(5.22) for both cases considered . We have shown that there is no iero

mode excited in Case A,and in Case B this mode Is excited only when

S N < 2Hk/w , if N is even . For N odd , the zero mode is always excited

in Case B.

An important result of the analysis presented here Is the expression

for the resmance condition. We have shown that this is given by

T = (M
1÷

(k) ]2 eI2kl 
f = ±1

where f = i + e
_ /4~~~—li2 Hk/~~~

and M1+
(k) is given in (4.84).

H k 2  -

For (—z ) < << 1 the function f above can be replaced by unity and

the resonance condition Is correspondingly simplified . It is interesting

to note that for the source located at x
0 

— L — nw/k the resonance

( f l+ 3 ) w
condition Is reduced to T

1 
= —l whereas for x

0 
= L — the

same condition becomes T
1 — 

+1. In general both the plus sign and the

minus sign are admissible for the resonance condition . Equations (6.25)

and (6.29 ) state the resonance condition under the constraint that only

the TEM mode can propagate in the infinite , parallel—plate guide. For

the more general case, the condition for resonance is given by (7.5) and

(7.6) and an examination of this reveals that T = ±1 no longer represents

47
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the resonance condition for this general case. We point out that the

I resonance condition is useful for solving the complex (leaky) modes

In such open waveguldes.

We also draw the attention of the reader to the fact that the

resonance condition derived herein is in general more accurate than

that given by previous workers. We show, however , In Section 6 that

when the condition on the waveguide parameters as expressed by (6.16)

applies , the resonance equatIon reduces to that obtainable by multiple

reflection method applied to semi—InfInite parallel—plate waveguides ,

- a technique that has been used in the past by other workers [7,8].

48

St 

— —.5--- - -  -

___________ 
___________________________ 

5- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
I



b

S APPENDIX I

The general solution of the equation

- = (1.1)

- 
~~1~~~~

1- ~ 2e~~~ + 
~ J f (~ ) slnh[y(y - ~)]d~ . ( 1.2)

For

i- Nw~~~sln(—) —iax
f (~ ) — —

~~ I e (1.3)
I Nw~LCos (~~~)

we have

— Isin~~~~fl~~~y) = C
1e
’
~ + C2e~~~ + T

N I 
2H (1.4)

Lcos~~~J

whe re

—iax0e p
N y +
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APPEND IX II

I Write (3.40) as

C1ye~~ 
— C2

ye~
’H 

= I
~ 

— F
1 (II.ia)

C
11e

1H 
— C2

ye~~ = 1
2 

- F
2 ( II .lb )

where

I I N-itI 

- N jcos(—~--)F
1 2  

= TN 2H L~ sin(~~) 
(11.2)

The solution of the system equatIons (11.1) Is

C
l 

= 
2 sInh(2~~~~ 

~~i1eYH 
- I

2
e
~~~ 

- I
2
e

~~~~~~~ + 

~~~ 
(11.3)

and

C2 = ~~~~~~h (2yH )y ~~
I
1
e - 12e + TN 

~~ 
[

~~~~N~~~~~~~~~~

] 
} 

. (11.4)
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APPENDIX III

The continuIty condition of the vector potential across the boundaries

—00 < x < —2L, 0 < x < for y — +H and y = —H is given by (3.44). Substi—

- 

- tuting the expressions for the vector potential for all three fields from

(3.38), (3.39) and (3.43) into (3.44) and changing the order of the

Integrations gives

-2L

f ~1K1,2~ 1x - 

~I)d~ + f h
i
K~
*
~ (kIx -

_1L
~~K(*) kI - 

~1d~ 
- J h2K~*~ (kJx - ~I ) d ~ = ~~~~~~~~~ (111.1)

S where
—I

- - 
~~~~ 

~~~~~~~~~ 

~~~~~~~~~ 
da . (111.2)

00+ib I — Nw 1 -~~ — lax
N + cos(—~--)tanh(yH) T

N
e

= - I [sin(~~)coth(YH) 
da

004-lb

Nw co4.Ib

- ~ 1~ 
sin(T)] 

- 
~ 

~~~~
_ lOX

d (111.3)

L cos ( 2 )

-5-5- 
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APPENDIX IV

We are interested in calculating the integrals:

9~°° Is (c)1 I~2L
I_ ~~

!_ 1 1+ d~ .

2wI 
~ ID ( r ~) (~~— k)M1 (~

) (~ + a )
id-00 Li+ J

MultIplying the numerator and denominator by M
1÷(~

), we obtain

Id+co r - 

~~~~~ e~~ M (
~~)

= J 
[

SJ~.~~~~ 
(~~—k)(~~+a)sjn~~ji)7~i 

d~ (IV.l)

Id-co 1+ -

We have branch cuts from k to Rek + 1°’ and from —k to —Rek — 100 .

Closing the contour with a semicircle in the upper half and using the

theory or residues,we get

J_ ( 1si~i~(c)1 e~~
2T

~ ~
yH 

M1+(C) d~ 
— 

~~~
1 fSl÷(a 1e

1a
fl
2
~Ml÷(a )(a ÷k)

2wI 
~ I D ( ~ 

(~~- k ) ( ~~+a)s h(yH~~TH 
- 

n i  ‘D a ”1 a’(a + a ’)
C L ~~~~ L 1+’ n’J n

(IV. 2)

where

1= 1 ÷ 1 ÷ 1 + 1 + 1  I

C C
1 C2 C

3 C CR

It can be shown that f -
~~ 0 , when R - -  ~~ . Calculating f when r -, 0 gives

C CR -r

- 1~i+~1 e
ik2L 

M
1~

(k) 
IV 42wi 

~ 

— 

I D  ( k ) ’ 
a + k ( . )

Ow Ll+ J
N-0
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-H 

_ _

- k - i

F ic~. 3

Contour for integration of the integral

I in (IV. 1)
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- on the rig~t—hand side and the — sign on the left—hand side ot the cut ,

respectively, we get

~~ ft + L3] = e
2
~~i+~~~4+ k 

d~~~~. (IV.5)

S Rek+ioo
5
- 

To calculate the integral in the r•h•s• of (IV.5) for large guide width, i.e.,

k2L>>l we note that the integrand decreases exponentially along the path of

integration from k to k + Ico. This allows us to expand

Is (
~)1 

______1+ 
M1+(~

)/
~
Tk

LD1+
in a Taylor ’s series and retain only the first term for asymptotic evaluation.

S This gives the r.h•s~ of (IV.5) — I

H rs1+(k)1 k 
I~2L

~~~T [D (k)j 
M
1~
(k)J~~ I ~ + a)/ ~ - k1+ Rek+ico

Introducing a new variable u

(~~~- k )2L Iu ,

~2L = Iu + 2kL , d~ = du

we obtain

S 

i - - 

~~~ ~~ 
M1~~(k)~~~~ 

~~~ ~~ 
e~~

2L W lLi2L(a + k)] (IV .6)
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where 

00 

‘-1
W 
1
[-i2L(a + k)] = 

e~~ du . (IV.7)
— 

0 
/
~ [u — i2L (a + k) )

From (IV.2) through (IV.6) we get

1s1÷~1 e~~~2~~11+(k)

LDi+(1
~i 

a + k

+ ~ e
4 

~~~ ~~~ (a + k) W 1[-I2L(a + k)~~

ia’2L

+ 
;i [sl+ (a )1 e ~ M

1~
(a~) 

(IV.8)- I . 1  cs (a + c z )n—i L’~i-s-~%~J a n

Note that In (IV.8) we have neglected the exponentially decreasing terms

in the summation.

• 
In the same manner we can show:

~ 

id+°° 1~2+~~1 e~~~
2L

~~~ 
idLy LD2+~ I ~~~~~~

- k (~~ + a)M
2 (~) 

dr,

- ‘e
4 

W 1[-2L(a + k)]eik2L 
M2+ (k) 152÷~1LD2+~ J

+ ~ 

fl
2 E52+ ca l/2 )1 e

i
~~_l/2

2L
N (0 

(IV.9)
a 1  D

2~
(a

112
) n—l/2 n—1/2
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APPENDIX V

In this appendix we discuss the problem of deriving the systems of the

equations that are satisfied by the constants S1+(a~ ) ,  D
1+

( a ) , S2+ (a’
i,2

) ,

D 24 (cz 112). We present only the calculations for S1+(a
~
) and D

i+(a
’)

because the same procedure can be followed to solve for the other constants.

After substituting a = a into (4.55), and using the expression (4.63)

together with the asymptotic form of the function W
1[—2L(a + k)], we have

n~1 
~~~~~~~ [Ge

) 
- = ~~~~~~ in = 1,2,... (V.1)

where

Ia’ 2L

(1) - 
e ~ M1~ ( cz ) M

1~
( a )  

~ 
2kT1 (a’ + k) (a + k ) 1  

V 2S 
Inn 

— 

a’ I l ± T  a ’ + a ’ I

L 1 in

+ 
(2kT

— ± M1~~( a )  
~1 ±

1
T [V 1~~(k) S1_ (—k)] i (a’+k) [V

1~ (a
’)

1 S
1 (—a)] I • (V.3)

To calculate the constants Vl+(t
~
)I a k a ? and Sl..

(_a)I a.I.k,a, we insert

the expressions for H
i~ (C) from 

(4.1’) into (4.39), (4.48) and substitute

a = k and a = a~ . This yields certain Integrals which we can calculate

using the theory of residues. We are interested in examining two cases

a) N—even ; b) N—odd . Substituting results into (V.3) we obtain the

(l)±expressions for P . In the same manner we have obtained results for Case A.m
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